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Motivation

• Drone delivery services, search-and-rescue operations, collaborative 
robotics.
• Inadequate visibility of landing pad in quadcopter-mounted camera 

causes landing inaccuracy, collisions, and a decrease in safety.

This thesis: Planning and control that ensures landing pad
visibility with a quadcopter-mounted camera



Overview



Hardware

Stereo camera with inertial
measurement unit (IMU)
• used for visual-inertial 

odometry (VIO)

Down-facing monocular camera
• used for detecting landing pad



Hardware

Companion computer (CC)Flight control unit (FCU)
UART



AprilTag landing pad

AprilTag marker
used as landing pad

The AprilTag algorithm [1] is used 
to efficiently and accurately detect 
AprilTag patterns

[1]: Krogius et al. “Flexible Layouts for Fiducial Tags”. 2019 
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Landing
1. State Estimation:
• Visual-inertial odometry (VIO) used to estimate quadcopter position, 

orientation and velocity (up to ~100 Hz using IMU post-integration).

2. Landing pad detection:
• AprilTag algorithm detects the AprilTag marker using down-facing camera 

(~20 Hz).

3. Trajectory generation:
• A minimum-snap quadratic program (QP) generates a FOV-constrained 

landing trajectory (~30ms for each generation).  

4. Tracking control:
• Perception-aware model-predictive control (PAMPC) method used to track 

the landing trajectory (fixed at 50Hz).



Landing



Background



Coordinate Frames



Quadcopter dynamics (from [2])

• State:

x =
⇥
x y z ẋ ẏ ż qw qx qy qz

⇤T 2 R10

=
⇥
rT vT qT

⇤T
,

<latexit sha1_base64="L0+jp8jQe+XQxmSBNMuCsnNCiOo="></latexit>

position velocity orientation

[2]: Falanga et al. “PAMPC: Perception-Aware Model Predictive Control for Quadrotors”. 2018



Quadcopter dynamics (from [2])

• State:

• Control inputs:

x =
⇥
x y z ẋ ẏ ż qw qx qy qz

⇤T 2 R10

=
⇥
rT vT qT

⇤T
,

<latexit sha1_base64="L0+jp8jQe+XQxmSBNMuCsnNCiOo="></latexit>

u =
⇥
⌧ !T

⇤T 2 R4.
<latexit sha1_base64="8o7XbMp7BU7vxC/FxepvkRn9gsE="></latexit>

mass-normalized thrust angular velocity

[2]: Falanga et al. “PAMPC: Perception-Aware Model Predictive Control for Quadrotors”. 2018



Quadcopter dynamics (from [2])

• System dynamics:

• Gravity expressed in the world frame:
• Thrust expressed in the body frame:

[2]: Falanga et al. “PAMPC: Perception-Aware Model Predictive Control for Quadrotors”. 2018

ẋ(t) = f(x(t),u(t))

=

2

4
ṙ
v̇
q̇

3

5 =

2

4
v

g +Rot(q)⌧
1
2⇤(!)q

3

5 ,

<latexit sha1_base64="GYb4lOgzvlatM6lN4V1+DY2Al4A="></latexit>

g := [0 0 �g]
<latexit sha1_base64="LIsDin/X24MitRh0nGhRnFHuecs="></latexit>

⌧ := [0 0 ⌧ ]T
<latexit sha1_base64="0/c1EOoCFg4VFX4TUpwkbsu1UbU="></latexit>

(1)



Quadcopter dynamics (from [2])

• Quaternion to rotation matrix operator:

• Skew-symmetric matrix:

[2]: Falanga et al. “PAMPC: Perception-Aware Model Predictive Control for Quadrotors”. 2018

ẋ(t) =

2

4
v

g +Rot(q)⌧
1
2⇤(!)q

3

5

<latexit sha1_base64="IFhgv1aSbmrs5JyXC8mrvHEe8Vg="></latexit>

Rot(q) :=

2

4
1� 2q2y � 2q2z 2 (qxqy + qwqz) 2 (qxqz � qwqy)
2 (qxqy � qwqz) 1� 2q2x � 2q2z 2 (qyqz + qwqx)
2 (qxqz + qwqy) 2 (qyqz � qwqx) 1� 2q2x � 2q2y

3

5 ,

<latexit sha1_base64="Bm7Mf8MifJoQ3QLUvxrDMFHB3V0="></latexit>

⇤(!) :=

2

664

0 �!x �!y �!z

!x 0 !z �!y

!y �!z 0 !x

!z !y �!x 0
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775 .

<latexit sha1_base64="92rDcQJxZ/QLDHRisxR7DZgIeew="></latexit>



Model-predictive control (MPC)
The idea: iterative control method where model is used to predict the 
future behavior of a system over a finite time window. Can be used to 
track a reference trajectory:

By Martin Behrendt –

Own work, CC BY-SA 3.0,

https://commons.wikimedia.org/w/index.php?c

urid=7963069

Solve 

optimization 

problem to 

find these



Model-predictive control (MPC)
Some setup for the optimization problem:

Discretization of dynamics (1):

�t := ti � ti�1, 8i 2 {1, . . . , N}
<latexit sha1_base64="x0AZn9f1Stg7X7hqbC7vRO8b0JQ="></latexit>

Discretization time step:

x(ti+1) = F (x(ti),u(ti))
<latexit sha1_base64="RrxZw8fhLH8EzadUO/qMqDw1+7g="></latexit>

ẋ(t) = f(x(t),u(t))
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<latexit sha1_base64="GYb4lOgzvlatM6lN4V1+DY2Al4A="></latexit>



Model-predictive control (MPC)

min
x(t1), ... , x(tN )

u(t0), ... , u(tN�1)

zT
NQNzN +

N�1X

i=0

z(ti)
TQz(ti)

s.t. x(t0) = x̂(t0)

x(ti+1) = F (x(ti),u(ti)), 8i 2 {0, . . . , N � 1}
x(ti) 2 X , 8i 2 {0, . . . , N}
u(ti) 2 U , 8i 2 {0, . . . , N � 1}

<latexit sha1_base64="zq2G3wiSBNMx8TPiaDxYG2lwFP0="></latexit>

(2.1)

(2.2)
(2.3)
(2.4)
(2.5)

weight matrices

state constraint control input constraint

zN :=
⇥
x(tN )� xd(tN )

⇤
and z(t) :=


x(t)� xd(t)

u(t)

�

<latexit sha1_base64="Ti1V9e1fPuB6VRFTgH8kKlDMJ7Y="></latexit>



Minimum-snap trajectory generation

The idea: optimize over the coefficients of a piecewise polynomial to 
efficiently generate a trajectory for a quadcopter system [3].
• Piecewise polynomial used here:

[3]: Mellinger et al. “Minimum snap trajectory generation and control for quadrotors”. 2011 

�T (t) =


rT (t)
 T (t)

�
=

2

664

xT (t)
yT (t)
zT (t)
 T (t)

3

775 :=

8
>>><

>>>:

Pn
i=0 �Ti1ti t0  t < t1Pn
i=0 �Ti2ti t1  t < t2

...Pn
i=0 �Timti tm�1  t  tm

,

<latexit sha1_base64="aw1mapJCi3Xb5006E67UaiSaclc="></latexit>

quadcopter trajectory
position and yaw coefficients



[3]: Mellinger et al. “Minimum snap trajectory generation and control for quadrotors”. 2011 

min
rTij ,  Tij

8i2{0,...,n}
8j2{1,...,m}

Z tm

t0

µr

���r(kr)
T (t)

���
2
+ µ 

⇣
 
(k )
T (t)

⌘2
dt

s.t. �T (tj) = �j , j = 0, . . . ,m

r(p)T (tj) = r(p)j or free, j = {0,m}; p = 1, . . . , kr

 (p)
T (tj) =  (p)

j or free, j = {0,m}; p = 1, . . . , k 
nX

i=p

(rTij � rTi,j+1) = 0, j = 1, . . . ,m� 1; p = 0, . . . , kr

nX

i=p

( Tij �  Ti,j+1) = 0, j = 1, . . . ,m� 1; p = 0, . . . , k 
<latexit sha1_base64="SQ7U9hHIWZNoXLbpRUf3RAwAqfs="></latexit>

boundary 
conditions

continuity

waypoints

Min-snap objective (when )kr = 4
<latexit sha1_base64="UDHl09F2p+6Aa49i9pU8QvS3IvM="></latexit>



Pinhole camera model (approximation of a perspective camera)

P = (X,Y, Z)

zc =
f

C

zc

yc

xc

y

x

v

u

(u, v)

(cx, cy)

optical
axis

Figure 1: Pinhole camera model. The pinhole is located at the origin of camera
frame C. Note the image plane is located a distance f (focal length) in front
of the pinhole. The principal point is located along the optical axis at pixel
coordinates (cx, cy). The 3D point P is expressed in the camera frame.

<latexit sha1_base64="o03UkpVNV9sPvRWyRFu6gxAqhIY="></latexit>

u = fx
X

Z
+ cx

v = fy
Y

Z
+ cy

<latexit sha1_base64="2ePUVel1Sr+C8tPpSUGI7PWJqKg="></latexit>

fx

fy
<latexit sha1_base64="JLbWOjOJ+P9za6BZ/9yrHOJ/ECU="></latexit>

: horizontal focal length (pixels)

: vertical focal length (pixels)

ØThe pinhole model is 
used for VO/VIO and 
the perception-aware 
MPC method



Visual odometry (VO)
The idea: use one or more 
cameras for pose (position and 
orientation) estimation.
• No IMU is used.
• Helpful to understand VO 

before VIO

Feature-based VO Pipeline



Ik+1
<latexit sha1_base64="5GNtKTz+p+UAbpmFpW7pfIq7tGU="></latexit>

Ik
<latexit sha1_base64="sNldEVx4lmu9ugmmokm0GzNG6Q0="></latexit>

Feature-based VO Pipeline



Ik+1
<latexit sha1_base64="5GNtKTz+p+UAbpmFpW7pfIq7tGU="></latexit>

Ik
<latexit sha1_base64="sNldEVx4lmu9ugmmokm0GzNG6Q0="></latexit>

Feature-based VO Pipeline



Ik+1
<latexit sha1_base64="5GNtKTz+p+UAbpmFpW7pfIq7tGU="></latexit>

Ik
<latexit sha1_base64="sNldEVx4lmu9ugmmokm0GzNG6Q0="></latexit>

Feature-based VO Pipeline



Tk,k+1
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Feature-based VO Pipeline



Tk,k+1
<latexit sha1_base64="cECHbU/x+s+LtCE2WQHqeFnumKI="></latexit>

Tk�1,k
<latexit sha1_base64="as5CcpCebVWcQiGiP/4kBiw74XU="></latexit>

“Bundle” of images
Feature-based VO Pipeline



Visual-inertial odometry (VIO)

The idea: Use one or more cameras and an IMU for pose and velocity 
estimation.
• VIO better than VO in terms of accuracy and robustness.
• VIO handles fast movements better than VO (good for drones!)
• Tight or loose coupling of IMU measurements and images:



FOV-Constrained Landing



Search for the AprilTag marker

The idea: Follow a pre-made search trajectory until the AprilTag is 
spotted, then represent the AprilTag pose w.r.t. world coordinate frame.

• MPC is used to track the search
trajectory.

• Heuristic search trajectory such
as zig-zag pattern can be used.



AprilTag marker in world frame

After spotting the AprilTag marker, the AprilTag algorithm estimates its pose 
w.r.t. camera. We need to estimate AprilTag pose w.r.t world frame.

• : AprilTag pose expressed in camera frame.
• : AprilTag pose expressed in world frame.
• : Camera pose expressed in quadcopter body frame.
• : Quadcopter body pose expressed in world frame.

TC
A

<latexit sha1_base64="iOgDhFUKUOPNw3G/+8/GCqNt0ng="></latexit>

TW
A

<latexit sha1_base64="Sd2+6vGOZp1kotuwJOWWeSiuHGY="></latexit>

TB
C

<latexit sha1_base64="AqOuSDt0atK0tS7qkHRc6ia2osg="></latexit>

TW
B

<latexit sha1_base64="PyNb0E73TPkjWjqMzyEO1hlgNqc="></latexit>

TW
A = TC

A TB
C TW

B
<latexit sha1_base64="k1dDsf15e4lkHPwohCgnFaPvV+I="></latexit>



FOV constraint
The idea: Construct FOV constraints that can be used in the min-snap 
QP optimization problem. 



FOV constraint
Imagine rotating the quadcopter 
clockwise about point c.



FOV constraint
Imagine rotating the quadcopter 
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FOV constraint
Imagine rotating the quadcopter 
clockwise about point c.

We can only rotate by a
certain amount before 
point ! leaves the FOV

How do we formalize this constraint?



FOV constraint After some re-arranging:

↵x + ✓tiltx � ✓x � 0
<latexit sha1_base64="/4mx6EMeIwDZ73qCvIm0NW8uyEo="></latexit>

In this case, the FOV 
constraint is:



FOV constraint
Ø The general FOV constraint:

�(↵x � |✓x|)  ✓tiltx  ↵x � |✓x|
<latexit sha1_base64="jC6HXt4TUe9a1UMMqAQfOfopabI="></latexit>

(3)

Ø Planar quadcopter acceleration:

ax = ⌧ sin(�✓tiltx )

az = ⌧ cos(✓tiltx )� g
<latexit sha1_base64="sXjfLHY+0rrtj+/pQDc1q1qw0Cw="></latexit>

Note (3) needs to be linear in the min-
snap QP decision variables. Re-writing 
(3) in terms of acceleration will fix this.

(4)
�ax
az + g

= tan(✓tiltx )
<latexit sha1_base64="2BqjlJjkceIdCGn1mtJYGuqzUe8="></latexit>



FOV constraint

Note these tangent properties:

�(↵x � |✓x|)  ✓tiltx  ↵x � |✓x|
<latexit sha1_base64="jC6HXt4TUe9a1UMMqAQfOfopabI="></latexit>

�ax
az + g

= tan(✓tiltx )
<latexit sha1_base64="2BqjlJjkceIdCGn1mtJYGuqzUe8="></latexit>

(3)

(4)

Assuming ,  taking the tangent of (3) gives:

� tan(↵x � |✓x|) 
�ax
az + g

 tan(↵x � |✓x|)
<latexit sha1_base64="8cVo3kgRVWuVO0cYIellWeaCJlk="></latexit>

✓tiltx 2 (�⇡
2 , ⇡

2 )
<latexit sha1_base64="TmMPfRHYL3Qm9W/J3CaRyGRMWHQ="></latexit>

=) |ax|  tan(↵x � |✓x|)(az + g)
<latexit sha1_base64="EYvjxyAZ9tdoxm0FPKxFW5G9aT8="></latexit>

tan(0) = 0

tan(x) monotonic increasing, 8x 2 (�⇡
2 , ⇡

2 )
<latexit sha1_base64="cuG5xO5XwSvf4zAnW823BCtqUyk="></latexit>

Ø By fixing      , (5) is now linear in acceleration, so it can be used in the min-snap QP.✓x
<latexit sha1_base64="8dJiB2GCtosswsVx+SnjJdWXTxU="></latexit>

(5)



Min-snap QP with FOV constraints
min

rTij ,  Tij

8i2{0,...,n}
8j2{1,...,m}

Z tm

t0

µr

���r(kr)
T (t)

���
2
+ µ 

⇣
 
(k )
T (t)

⌘2
dt

s.t. r(p)T (tj) = r(p)j or free, j = {0,m}; p = 0, . . . , kr

 (p)
T (tj) =  (p)

j or free, j = {0,m}; p = 0, . . . , k 
nX

i=p

(rTij � rTi,j+1) = 0, j = 1, . . . ,m� 1; p = 0, . . . , kr

nX

i=p

( Tij �  Ti,j+1) = 0, j = 1, . . . ,m� 1; p = 0, . . . , k 

|ax(tj)|  tan(↵x � |✓x(tj)|)(az(tj) + g), j = 1, . . . ,m� 1

|ay(tj)|  tan(↵y � |✓y(tj)|)(az(tj) + g), j = 1, . . . ,m� 1
<latexit sha1_base64="Q8DH/wl6SVOVMkcxbzYBH8MIP/w="></latexit>

boundary 
conditions

continuity

FOV 
constraints

[ax(t), ay(t), az(t)]T := r(2)T (t)
<latexit sha1_base64="7whGFIrhAKwySyRx1bjzS7mssA4="></latexit>

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)
(6.7)



Min-snap QP with FOV constraints

How to chose from (6.6)?

• Both  and are known:

•

•

• We then heuristically choose evenly-spaced
values between 

and .

• The argument follows for .

✓x(tj), 8j = 1, . . . ,m� 1
<latexit sha1_base64="OQDnfhjpI+hFHeU102N6AXynX1w="></latexit>

✓x(t0)
<latexit sha1_base64="FeuyBJ6EfIZ/7dlIaPQAMxoShz0="></latexit>

✓x(tm)
<latexit sha1_base64="/v1BNynFZNr7vnb2m96Qm7W4fuU="></latexit>

✓x(tm) = 0
<latexit sha1_base64="7flyUIagnYZ3FqkgzHGOr4P67Bg="></latexit>

✓y(tj)
<latexit sha1_base64="m0EtDa8pHjstgxcXbXtCJKTWJrQ="></latexit>

✓x(t0) = tan�1
⇣

lx(t0)�cx(t0)
cz(t0)�lz(t0)

⌘

<latexit sha1_base64="Jq9P1McGRuKVjdjiPyHptZ5K5LQ="></latexit>

✓x(tj), 8j = 1, . . . ,m� 1
<latexit sha1_base64="OQDnfhjpI+hFHeU102N6AXynX1w="></latexit>

✓x(t0)
<latexit sha1_base64="FeuyBJ6EfIZ/7dlIaPQAMxoShz0="></latexit>

✓x(tm)
<latexit sha1_base64="/v1BNynFZNr7vnb2m96Qm7W4fuU="></latexit>



Check feasibility of FOV constraints

min
rTij ,  Tij

8i2{0,...,n}
8j2{1,...,m}

Z tm

t0

µr

���r(kr)
T (t)

���
2
+ µ 

⇣
 
(k )
T (t)

⌘2
dt

s.t. r(p)T (tj) = r(p)j or free, j = {0,m}; p = 0, . . . , kr

 (p)
T (tj) =  (p)

j or free, j = {0,m}; p = 0, . . . , k 
nX

i=p

(rTij � rTi,j+1) = 0, j = 1, . . . ,m� 1; p = 0, . . . , kr

nX

i=p

( Tij �  Ti,j+1) = 0, j = 1, . . . ,m� 1; p = 0, . . . , k 

|ax(tj)|  tan(↵x � |✓x(tj)|)(az(tj) + g), j = 1, . . . ,m� 1

|ay(tj)|  tan(↵y � |✓y(tj)|)(az(tj) + g), j = 1, . . . ,m� 1
<latexit sha1_base64="Q8DH/wl6SVOVMkcxbzYBH8MIP/w="></latexit>

(6.6)
(6.7)

Since as previously determined,

and  we assume (can’t accel. down faster than gravity),

then if is satisfied, (6.6) is feasible. Same goes for (6.7)

|✓x(t0)| � |✓x(ti)|, 8i = 1, . . . ,m
<latexit sha1_base64="UsbuRH7bdnt2XqsqLhTYGZvv3l0="></latexit>

↵x � |✓x(t0)| > 0
<latexit sha1_base64="Of3Yzl7ISKc2aCJDpwlmTGPp2Mw="></latexit>

az � �g
<latexit sha1_base64="ZD3DgyRFep1gnWsiBlJbvjQSeAc="></latexit>

In practice, we check the feasibility of (6.6) and 
(6.7) before attempting to solve the min-snap QP



PAMPC tracking control
The idea: MPC control with an extra perception cost term in the 
objective function.
• The perception cost function is: , where         is the 

projection of AprilTag into image plane, and is the principal 
point

• is position from camera to AprilTag. Computation found in [2] 

s(t)� sd
<latexit sha1_base64="fbwHohAe4SfcmZLl5nADuJJrbvs="></latexit>

sd := [cx cy]T
<latexit sha1_base64="T0tc+emu+OEVtK2Q830b7TgsXQA="></latexit>

s(t) := [uA(t) vA(t)]T
<latexit sha1_base64="GqObrA4F4U0rfIcamyfeo/V6qPU="></latexit>

s(t)� sd
<latexit sha1_base64="fbwHohAe4SfcmZLl5nADuJJrbvs="></latexit>

s(t)� sd
<latexit sha1_base64="fbwHohAe4SfcmZLl5nADuJJrbvs="></latexit>

uA(t) = fx
[rC

A(t)]x
[rC

A(t)]z
+ cx, vA(t) = fy

[rC
A(t)]y

[rC
A(t)]z

+ cy
<latexit sha1_base64="hNk3r0VTHk5xuHrPz5VmcIy1MEE="></latexit>

rCA(t)
<latexit sha1_base64="xNsNyJ00QmDcohPj9sIbNYDJO84="></latexit>

[2]: Falanga et al. “PAMPC: Perception-Aware Model Predictive Control for Quadrotors”. 2018



PAMPC tracking control

zN :=


x(N)� xd(N)

s(N)� sd

�
, z(t) :=

2

4
x(t)� xd(t)
s(t)� sd
u(t)

3

5 .

<latexit sha1_base64="jfSAqM3R6OZvFJe21y/syzc31vI="></latexit>

min
x(t1), ... , x(tN )
s(t1), ... , s(tN )

u(t0), ... , u(tN�1)

zT
NQNzN +

N�1X

i=0

z(ti)
TQz(ti)

s.t. x(t0) = x̂(t0)

s(t0) = ŝ(t0)

x(ti) = F (x(ti�1),u(ti�1)), 8i 2 {1, . . . , N}
s(ti) = [uA(x(ti)), vA(x(ti))]

T , 8i 2 {1, . . . , N}
u(ti�1) 2 U , 8i 2 {1, . . . , N}
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PAMPC tracking control

While our min-snap QP provides an FOV-constrained trajectory,
implementing the PAMPC adds a layer of redundancy for 
improved visibility of the landing pad.

Note:



Flight and landing logic



Evaluation



Experiments



Experiments



Experiments



Experiments



Results

We can see that the FOV constraint allows the projected landing pad center to get closer 
to the principal point when compared to the same trajectory without FOV constraints.



Questions?


